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Abstract

The regular perturbation method is introduced to investigate the influences of three-dimensional wall roughness on the laminar flow in
microtube. Rough wall surface is modeled by two-dimensional simple harmonic function whose axial and azimuthal wavenumbers are
alterable. Under this rough wall model, a set of coupled leading-order and first-order perturbation equations are obtained and computed
iteratively. The numerical results show that flow in microtubes are more complex than those in macrotubes; pressure drops are about 0—
65% higher than that of Hagen—Poiseuille flow on condition that the relative roughness increases from 0 to 0.05 and the wavenumbers of
wall rough function range between 0 and 30; there exists apparent fluctuations in flow fields. Analysis shows that the effects of roughness

on the flow pattern is distinct from those on the friction factor.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Flows in micron-size devices are becoming more preva-
lent in scientific research and application of multidiscipline.
Due to its significance, research of laminar in microchannel
has become attractive since early 1980s. However, a strong
controversy exists in this research, and inconsistent conclu-
sions have been drawn in many experimental studies. The
controversy mainly centers on whether microflow is differ-
ent from macroflow or not. Some experiments represented
great differences between macro- and microflow; whereas
some others did not. With respect to these studies, a com-
prehensive summary was given by Gad-el-Hak (2002),
where a number of experimental and numerical studies of
microflow are given. Conclusions in quite a number of
studies indicate that laminar flow in microchannel have sig-
nificantly differences from that in macrochannel in terms of
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friction losses and the flow patterns, and one of the impor-
tant reasons believed is the influence of the wall roughness
on microflow.

Some experiments of the laminar flow in different micro-
channels with the relative roughness from 0.016 up to 0.05
were implemented by Wu and Little (1983), Mala and Li
(1999), Celata et al. (2000), Li et al. (2000), Papautsky
et al. (1999) and Jiang et al. (1995). These results indicated
that the flow resistances are about 10-90% higher than the
theoretical values in the most experiments data, and even a
few of them are 350% above the theoretical ones (Wu and
Little, 1983). In theoretical and numerical analyses of flows
in microchannels, Mala and Li (1999) introduced a rough-
ness viscosity model (RVM) based on the work of Merkle
et al. (1974), and this model was implemented to water
flows through microtubes and trapezoidal channels, respec-
tively (Qu et al., 2000). Kleinstreuer and Koo (2004) intro-
duced a porous medium layer (PML) mode to simulate
several kinds of microscale flow. Wang et al. (2005) intro-
duced a kind of regular perturbation method to study
two-dimensional wall roughness on the microscale plane
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Nomenclature

area of wall surface

Fourier coefficient

inner energy

wall rough function

iterative index

unit normal vector of cross-section
pressure

pressure oscillation

first-order pressure oscillation

N
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Dmn Fourier coefficients of pressure oscillation
1?1 Chebyshev coefficients of pressure
0 dimensionless flow rate

R radius of microtube

Re Reynolds number

S area of cross-section

S strain rate tensor

S,(.;)) leading-order strain rate tensor
SS) first-order strain rate tensor

u velocity vector

ug leading-order perturbation velocity
Uy apparent leading-order velocity

u first-order perturbation velocity
(T Fourier coefficients of velocity

u Chebyshev coefficients of velocity
Umax ~ maximum velocity of tube flow

U average velocity of cross-section

r radial coordinate
X axial coordinate

Greek symbols

0 azimuthal coordinate

& relative roughness, small parameter

o axial wavenumber of wall function

p azimuthal wavenumber of wall function
4, collocation point

n ratio of average pressure drop

0 fluid density

Ty wall shear stress

Tw.0 theoretical wall shear stress

T, apparent wall shear stress

d average pressure drop

d, leading-order average pressure drop

D, first-order average pressure drop

@ viscous dissipation rate

0, viscous dissipation rate of Hagen—Poiseuille
flow, leading-order viscous dissipation rate

0, second-order viscous dissipation rate

e viscous dissipation rate of microtube flow

Operators

D derivative with respect to r

Poiseuille flow. Hu et al. (2003) numerically simulated lam-
inar flow in rough microtube to study the mechanism of the
roughness effect. These theoretical and numerical results
show surface roughness has significant effects on both the
velocity distribution and the pressure drop.

With respect to the study of the laminar flow in channels
with rough wall surfaces, it is a hotspot to use the analyti-
cal method. Lesson and Huang (1976) studied the effect of
small amplitude wall waviness on laminar boundary layer
and the Poiseuille flow in a pipe with axially symmetric
wavy walls. The mainly used methods are that of small
parameter expansions and Taylor series expansion at rough
surface, by which a rough surface is converted into a
smooth one. Analysis shows that the apparent slip flow
appears over the smooth surface. Hocking (1976) studied
the effect of roughness on flow and derived a slip coefficient
by using conformal mapping techniques. Jansons (1988)
gave a perfect slip microscopic boundary condition of flow-
ing over a randomly rough surface. Michael and Stephen
(1994) derived the slip coefficients of flowing over rough
surface for single phase flow and one fluid flowing over a
coated surfaces by using method of matched asymptotic.
Tuck and Kouzoubov (1995) gave a modified slip bound-
ary condition to represent the effects of small roughness-
like perturbations to an otherwise-plane fixed wall which

is acting as a boundary to steady laminar flow of a viscous
fluid. Cable et al. (2002) applied the domain transforma-
tion method (DTM) to study the influence of corrugated
wall on laminar flow pattern and flow instability between
two plates.

So far, most of the theoretical and numerical studies are
limited to two-dimensional problems of wall roughness.
Due to its complexity, the problem of flow in microflow
with three-dimensional rough wall is seen singularly in pre-
vious research. However, it is more important to study the
influence of three-dimensional roughness on flow because
the roughness on virtual wall surface is three-dimensional.
Since the relative roughness is believed to be a small
parameter in microtube, a regular perturbation method is
developed to study the influence of three-dimensional wall
roughness on the microtube flow in this study according to
Van Dyke (1964). In this method, a rough wall surface is
converted into a smooth one and the physical quantities
of flow field are expanded into perturbation series. The reg-
ular perturbation method was used in other literatures
including Lesson and Huang (1976), Téeren (1983), Bonto-
zoglou and Papapolymerou (1996) and Cable et al. (2001)
as well as Wang et al. (2005), and so on.

The paper is organized as follows: The mathematical
model and numerical method are described in Section 2
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where a set of coupled equations are obtained; the solution
method for coupled equations is given in Section 3; results
and discussion are provided in Section 4 and conclusions
are presented in Section 5.

2. Theory
2.1. Perturbation equation

The wall roughness varies irregularly along flow and azi-
muthal directions but presents the periodic character. For
the sake of simplification, wall curved face is assumed to
be a two-dimensional periodic function (see Fig. 1), which
is called as wall function in this study. Choosing the radius
R, the maximum velocity Upax and pU?,  as the character-
istic length, velocity and pressure of microtube flow,
respectively, the dimensionless continuity equation and
time-independent momentum equations of microtube flow
are derived and given by Egs. (1) and (2)

Vou=0 (1)
(u-Viu= & — Vp+ Re 'V’u (2)

Boundary conditions are bounded at » =0 and no-slip at
wall surfaces

r=0, up<o 3)
r=1+4¢f(x,0), (u,o,w)=0 (4)

where u, v, w are the axial, radial and azimuthal velocity
components in cylindrical coordinate system, respectively;
® =(¢9,0,0), and @ the dimensionless averaged pressure
drop of laminar flow in microtube; p the pressure oscilla-
tion, so the pressure at any a cross-section of flow direction
xis P=Py— @ (x — x9) + p, where Py is the pressure at
initial point of x = xo; ¢ the small parameter; f{x, 0) the wall
function, and f{x,0) = O(1).

Since the small parameter ¢ presents in the boundary
conditions, all the physical quantities in Egs. (1) and (2)
is decomposed into the perturbation series as Eqgs. (5)—(7)

u(x, 7, 0) = uy(r) + euy (x, 7, 0) + O(e?) (5)
p(x,r, 0) :spl(x,r, 0) +O(82) (6)
® = P+ ed; + O(e?) (7)

The boundary conditions at wall surface are expanded to
Taylor series at r =1 (Van Dyke, 1964), i.c.

Fig. 1. Schematic of microtube: (a) azimuthal direction, (b) axial
direction.

u(x, 7, 0), iy o) = u(x, 1,0) + ef (x, Ou'(x, 1,0) + 0O(%)
(8)

where uy(r) = (uo(r),0,0) and u; = (uy,vy,w;) represent the
leading-order and the first-order velocities, respectively;
@, the averaged leading-order pressure drop along the flow
direction being equal to that of Hagen—Poiseuille flow, and
@, the first-order pressure drop; (+)’ denotes the derivative
with respect to r.

Substituting Eq. (5) into Eq. (8) and emerging the like
terms in ¢, we have

u(x, r, 0)|r:l+8f(x,0)
= ug(1) +e[w (x, 1,0) + £ (x, O)uy(1)] + O(e?) )
Substituting Egs. (5) and (9) into Eqgs. (3) and (4), respec-

tively, the boundary conditions at » = 1 are derived and gi-
ven by Eq. (10)

u + efuy + £ (x, 0)wg] = 0 (10)
Substituting Eqgs. (5)—(7) into Egs. (1) and (2) and
emerging the like terms in ¢ once again, the equations of

uy and u; along with boundary conditions are derived as
follows:

1i<r%) = Re (11)

r=1,

rdr\" dr
r=0u<oo; r=1, upy=0 12

(
Vo =0 (13

(

(

N

)
)
(u; - V)ug + (up - V)u; = @, — Vp, + Re” ' Vu, 14)
r=0,u,p <oo; r=1, wuw=—f(x,0)u 15)
Eq. (11) is that of Hagen—Poiseuille flow, whose dimension-
less solution is ug = 1 — %, and accordingly @q - Re = 4. As
the unknown first-order pressure drop, @;, exists in Eq.
(14), an approach is applied to deal with Eqgs. (11)—(195)
as follows: A leading-order velocity, Uy = (U,,0,0) (pseu-
do-velocity), which results in the total averaged pressure
drop, @, is introduced to substitute the virtual leading-or-
der velocity uy, and hence Egs. (11)—(15) can be rewritten
as Egs. (16)—(20)

%%(r%) = —Re® (16)
r=0Uy<oo; r=1, Uy=0 (17)
Vou =0 (18)
(u; - V)Up + (Up - V)u, = —Vp, + Re 'V, (19)
r=0,u,p <oo; r=1, wu=—f(x,0)U, (20)

where u; is dependent on x,r, 0. It is seen that the parame-
ter @, is dropped in Eq. (14) and uy is replaced by U,. The
velocity U, can be expressed as follows:

P
Uozuo(r)—i—ito(r):a(l—rz):n(l—rz) (21)
0
where iy(r) = (7 — 1)(1 — r?) is the additional axial veloc-
ity determined by the first-order averaged pressure drop
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@(; n an undermined coefficient to denote the ratio between
the practical pressure drop and the theoretical pressure
drop.

Due to the first-order velocity can be considered as peri-
odic disturbance of flow field, the dimensionless flow rate
of flow in microtube with three-dimensional roughness sat-
isfies the following relationship:

1
Q:/Su'ndS:/0 (17r2)2nrdr:g (22)

That is to say the first-order velocity satisfies

/ul -ndS =0 (23)
s

where Q is the dimensionless flow rate; S the variable cross-
section of rough microtube; n the unit normal vector of
cross-section.

A coupled set of equations in terms of the transformed
leading-order velocity and the first-order velocity are given
in Egs. (16)—(20). Solutions for the coupled equations are
approached iteratively, and an iterative arithmetic is given
in Section 3.

2.2. Solutions for the first-order equations

Wall function f{x, 0) can be expanded into double Fou-
rier series, whose complex form is as follows:

— Z Z C o €xpli(mox + np0)] (24)

where o and f§ are the fundamental axial and azimuthal
wavenumbers, respectively, o taken as a real,  an integer.
As f(x,0) is real, C,,, = C*m _,» Where asterisk denotes com-
plex conjugate. The Fourier coefficients C,,,, are determined
by the double integral as Eq. (25)

Con = / / F(x,0) expl—i(max + npo)dd  (25)

The presence of the wall roughness will lead to the dis-
turbance of the flow field inevitably, hence u; and p, are
no other than the first-order response functions, which
can be decomposed into Fourier series similar to that of
wall function as follows:

Z Z umn pmn

where (W, Pun) = (s 10y Wnns Pmn)  @re the amplitude
functions of velocity and pressure with respect to the ra-
dius, respectively.

Chebyshev collocation method is applied to solve the
disturbance equations in this study. This method is a
high-accuracy numerical method, and the grids can be
automatically refined near wall. By using it, the disturbed
velocity and pressure are decomposed in spectral space at
Chebyshev collocation points as Eq. (27)

(uy, py) )) expli(mox + nf0)] - (26)

u17p1 Z Z Z umnlapmnl

[m|<M |n|<N 0<I<J
x expli(mow + nB0)T:(&(r)) (27)

where amnl = (amnh iEmnl; 1’Avmnl); Tl(é) = cos(larccos é)a
(=1 <&<1) the l-order Chebyshev polynomial, where ¢
is evaluated at the Gauss—Lobatto collocation points as
Eq. (28)

& = cos(nj/J)

where J is the number of collocation points. By the trans-
form of r=(1—¢)/2 according to Khorrami et al.
(1989), the variable r in physical space is transformed into
Chebyshev variable &.

In this study, wall functions are taken as two-dimen-
sional harmonic functions given by Eq. (29), and their com-
plex forms are given in Eq. (30)

S (x,0) = (1/2) cos(exx + f0) (29)
£(x,0) = (1/4) expli(oex + p0)] + C.C. (30)

where C.C. denotes the complex conjugate. In this way, the
relative roughness being the difference between peak and
trough of the wall function is equal to the small parameter
€.

According to Eq. (27), the first-order disturbed velocity
and pressure have the forms as Eq. (31)

(uy, py) = (@ (r), pr(r)) expli(ex + 0)] + C.C. (31)
Notice that boundary conditions at » =0 of Eq. (20) is
the singular point of Eq. (19) under cylindrical coordinate

system. The explicit expression can be derived according to
Khorrami et al. (1989) as follows:

1(0) = 0,(0) = w1 (0) = p1(0) =0 (32)

Following Khorrami et al. (1989), the boundary condition
of pat r =1 is determined by the equation of the first-order
radial velocity as Eq. (33)

(Gj=0,1,....J) (28)

B dpp 1 [1d [/ dp
r=1, E‘E[?E(’E)] (33)
The detailed derivations of Eqgs. (32) and (33) can be seen in
Appendix.

Substituting Egs. (31)—(33) into Egs. (18)—(20), the first-
order equations and their boundary conditions are
converted into those in spectral space. The discretized
equations at collocation points have total 4J + 4 unknown
quantities.

3. Solution for the coupled equations

The energy losses of microtube flows are greater than
those of flows in tubes with flat walls due to the presences
of the wall roughness. Based on this point, the friction loss
or pressure drop can be analyzed by energy losses. The
dimensionless energy equation of the incompressible flow
without internal heat source and heat transfer at the
boundary is derived as Eq. (34)
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-1
D Re 'O (34)
where e is the dimensionless inner energy (the characteristic
energy is taken as U2 ); © the dimensionless viscous dissi-
pation rate.

From Eq. (29) we can see that for the incompressible
Newtonian fluid, the change rate of inner energy is abso-
lutely contributed by the energy dissipation rate, @. For
a laminar flow in macrotube, friction loss absolutely results
from the wall shear stress, which can be proved by the vis-
cous dissipation being equal to the work of wall shear stress
according to Batchelor (1967) as follows:

O = 1,4U (35)

where 1, is shear stress of wall surface, which is in propor-
tion to velocity gradient at wall; 4 the surface area; U the
average velocity on cross-section of microtube. Dimension-
less wall shear stress of smooth pipe flow is denoted by 7, o,
and ty,0 = 1/Re - (dup/dr) = —2/Re.

Although there exits different cases of viscous dissipa-
tion for the microtube flow, Eq. (35) is also applicable to
the flow in microtube with rough wall. Due to surface area
and flow rate are invariable for the flow in rough microtube
according to perturbation method, we can find an equiva-
lent shear stress 7}, resulting in the virtual viscous dissipa-
tion. In fact, the equivalent shear stress is in proportion
to the gradient of U, at r =1. Dimensionless wall shear
stress ©i, = 1/Re - (dUy/dr) = ntyy.

For an incompressible Newtonian fluid, the total dimen-
sionless viscous dissipation rate within a given area (a peri-
odic area of flow, say) is computed according to Eq. (36)
(using the subscript notation)

1
Re J," -

where V' is the volume of the flow area; @ the total dimen-
sionless viscous dissipation rate; S;; the dimensionless strain
rate tensors, which are calculated according to Eq. (37)

ou ov 1ow v 10v 10u
Sz ST ST iwm Ty M TimTaw
S716u+16w 7r6(w)+160
00 2 T 2ar\r) T 2r 00
(37)

From perturbation method, we can obtain the viscous
dissipation of flow in rough microtube, @*, by the pertur-
bation expansion, i.e.

) 1 0) Y20 (1)
o :*E/V(S,, +asl) () + esi) ) av

1 / (0) o(0) 2/ (1) o(1) ]

== | [ (SySy)dv+& [ (S, )dV
Re{v<jj) V(jj>

=0+ &0, (38)

where SI(-;)) and SS) are the leading-order and the first-order
strain rates, respectively; @, and @, the leading-order and
the second-order viscous dissipation, respectively. The inte-

gral [, (Sl(f)Sg)) dV =0 is included in the derivation be-

cause Sf?)Sf/l ) are disturbance quantities.

According to Egs. (36) and (37), dimensionless viscous
dissipation rate of Hagen—Poiseuille flow, @, and that of
the laminar flow in microtube, @, are given in Egs. (39)
and (40), respectively

1 duo 2
“Re ), (E) dv (39)
.2 au\® [ Ov)\? | ge\? (0w ?
="k V{(W) + (W +() (G
+1 du0+€6u1+8601 2+82 16u1+6w1 2
2\dr  Tor T x 2\r 00  ox
82 0 wWq 1 61)1 2
ol (Y 22 Lap 4
+2{r6r(r)+r60} d (40)
Notice that r =0 is a singular point for the third, the fifth
and the sixth terms of Eq. (40) under cylindrical coordinate

system, we have the following transformations according
to the L’Hospital’s rule,

Mo2\o0 )T 2ar00 T e, )
. 0 Wi 161)1 _ 62U1
s {”a@ *?@} - [m

r—0

0, =

fim L 21 _ [@
07 00 [0rd0],_,

(41)
From Egs. (35), (38) and (39) we have

2
_ — n duy
O =1 AU = n1,AU = —— — ) dV =106 42
T n e ( dr) n0  (42)
where i = 1 + & {f,, (SE})SEJD) dV/ [, (‘Lif)de]

Hence, to solve the ratio of pressure drop between the
laminar flow in microtube and theoretical pressure drop
of Hagen-Poiseuille flow can be converted to solve the
ratio of total viscous dissipation in a same period, i.e.
@y 0O

Therefore, solutions for the coupled equations of Egs.
(16)—(20) are solved through calculating the first-order
velocity ui” by the leading-order velocity Uél) = u, and cal-
culating the viscous dissipation @) by Eq. (35). And then
the correction leading-order velocity U((f) and the correc-
tion first-order velocity u(12) as well as the correction viscous
dissipation rate @*® are calculated. The process is
repeated until distributions of Uy, u; with high accuracy
degree are obtained. The convergent criteria in this study
is given by Eq. (44)

0" M|/]|0y]| < 107 (44)

n (43)

H@*(HU —

where the superscript k& denotes the iterative index.
Calculations indicate that convergent speeds of the iter-

ative processes are satisfying subject to low and moderate

Reynolds number (Re < 10%) and small relative roughness
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(¢ <0.1). In general, for a smaller relative roughness, Re
could be fairly large. However, it is difficult to converge
for a larger value of Re as ¢ increases, and vice versa.
But then the convergent speeds are proved quite rapid in
the present investigation due to its moderate parameters
(¢ £0.05, Re < 500). Actually, only through no more than
ten iterative steps, the convergent accuracies are reached.
Compare with conventional numerical solution, the times
for modeling of rough elements and CPU consumptions
largely decrease.

4. Results and discussion

All the dimensionless parameters in this study are cho-
sen as follows: (1) relative roughness, & 0-0.05; (2) wave-
number, o = f: 0-30; (3) Reynolds number, Re: 1-500. In
order to insure the accuracy of computing, number of wall
grids is 50 x 50 and that of collocation points is 100 in this
study.

4.1. Influence of wall roughness on flow pattern

It is known that the radial and azimuthal velocities are
equal to zero if the roughness being not considered (flow
in macrotube, say), so their variations under the condition
of microtube without ignoring the wall roughness will
reflect intuitively the influence of roughness on the flow.
The transmissions of the first-order velocities toward the
center of flow field at peak of one rough element can be
seen from Figs. 2-4.

Fig. 2 presents the transmissions of the first-order veloc-
ities toward the center of flow field under different relative
roughness (0.01, 0.03 and 0.05) as spatial wavenumber of
wall function and Reynolds number are fixed (5 and 100,
respectively). The results show that larger relative rough-
ness will have more important influence on flow field due
to the fact that amplitude values of all physical quantities

0.06

0.05
+——¢€=0.01
o——og=0.03
0.03 ~——=g=0.05

0.04

max

0.02

0.01}

z»:(u1 VW, YU

O

-0.01 1 T
ew /U P s

) ) ) ) ) ) 1~ max )
0 01 02 03 04 05 06 0.7 0.8 09 1
r/R

-0.02

Fig. 2. Transmissions of the first-order velocities toward the center of flow
field at peaks of rough elements under different relative roughness
(a=p =15, Re=100).

0.08
0.06f ——%=P=5

% e—oa:ﬁ:‘lo
DE A—Aﬂ:B:ZO
= 0.04
2
> 0.02}
2
w

0
-0.02

0 01 02 03 04 05 06 0.7 08 09 1
r/R

Fig. 3. Transmissions of first-order velocities toward the center of flow
field peaks of rough elements under different axial and azimuthal
wavenumber (¢ = 0.05, Re = 100).

0.06
0.05
% 0.04f
0.03 |
0.02

0.01

s(u1 VW, )/Um

-0.01

-0.02

0 01 02 03 04 05 06 0.7 08 09 1
r/R

Fig. 4. Transmissions of first-order velocities toward the center of flow
field at peaks of rough elements under different Reynolds number
(6=0.05, a=p=25).

increase. As the relative roughness altering from 0.01 to
0.05, the disturbed velocities are extended to a certain area
of flow field from wall (nearby r = 0.5 for this case, say),
and the disturbed areas are invariable. Except the first-
order axial velocity, the maximum amplitude values of
another two components of velocity present at a certain
position in flow field (r = 0.88 for this case), where the dis-
turbances are the most intensity. We can see that axial
velocity at wall is nonzero, which results from Taylor series
expansion of axis velocity at r = 1. Furthermore, it can be
seen that nonzero axial velocity at computational wall
increases with increase of relative roughness, which indi-
cates that the magnitude of this nonzero velocity reflects
the disturbance intensity of flow field.

Fig. 3 presents the transmissions of the first-order
velocities toward the center of flow field under different
spatial wavenumbers on condition that the relative
roughness and Reynolds number are fixed (0.05 and 100,
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respectively). Altering the wavenumber of wall function
implies altering the areal density of rough elements on
the wall surface, and the increase of wavenumber leads to
that of areal density of rough elements. Notice that the dis-
turbed areas of flow field decrease with the increase of spa-
tial wavenumber, and appearance positions of the
maximum amplitude value of disturbed quantities tend to
near wall. The reason for this is owing to that the average
kinetic energy of main flow increases with the increase of
areal density, so that the disturbances are more difficult
to transmit toward the center of flow field. We can see from
the figures that greater wavenumber of wall function will
results in greater nonzero velocity at computational wall,
which indicates that the disturbance intensifies under the
condition of greater wavenumber.

Fig. 4 presents the transmissions of the first-order veloc-
ities toward the center of flow field under different
Reynolds number when the relative roughness and wave-
number of wall function are fixed (0.05 and 5, respectively).
Notice that the disturbed areas of flow field decrease with
the increase of Reynolds number, and appearance posi-
tions of maximum amplitude values of the disturbed radial
and azimuthal velocities tend to the wall. This can be
explained that the increase of Reynolds number will lead
to the increase of the average kinetic energy of the main
flow so that the effect of wall roughness on the flow pattern
will be weakened.

4.2. Influence of wall roughness on pressure drop

Figs. 5-7 present the influences of wall roughness on the
pressure drop in terms of relative roughness, wavenumber
of wall function and Reynolds number, respectively. It
can be seen from Figs. 5 and 6 that the pressure drop will
increase from 0% to over 65% higher than the theoretical
pressure drop with increase of relative roughness from
£¢=0 to £¢=0.05 and wavenumber of wall function from
o= =0 to a=f =30, which agree well with the experi-

1.35
1.3}
—— a=p—0
125 °——~a=p=5
—sa a=B=10
1.2} o—oa=[3=20
eo ~——a a=p0=30
« = 1157
o

11}

0 0.01 0.02 ¢ 0.03 0.04 0.05

Fig. 5. Variations of the ratio of pressure drop with respect to the relative
roughness (Re = 100).

1.65

1.55f

1.45¢
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mental results mentioned at the beginning of this paper.
The reasons for the influence of relative roughness on the
pressure drop can be explained that the higher relative
roughness will lead to higher disturbance of flow and there-
fore give rise to higher viscous dissipation. The reasons for
higher wavenumber resulting in higher pressure drop can
be ascribed to the fact that the more strong shearing action
forms in the flow field due to the increment of disturbance
frequency per unit length in the flow direction. Fig. 7 illus-
trates that the pressure drop increases in some extent with
increment of Reynolds number from 1 to 500 under condi-
tion of ¢ = 0.05 and « = f§ = 5. The pressure drop of micro-
tube with three-dimensional rough element is found to be
3-4.2% above the theoretical value of Hagen—Poiseuille
flow. All the differences are tiny and can be ignored seem-
ingly. However, due to high computational accuracy of
Chebyshev spectral collocation method, the computational
results can get to at least 7-digit accuracy when the collo-
cated points are taken as more than 52 (see Zhou and
Zhao, 2004). In this study, the numerical results are high
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accuracy due to the collocation points are taken as 100, so
the differences between computational results and theoret-
ical value of pressure drop do not result from computa-
tional errors, but really exist. This implies that the
product between pressure drop and Reynolds number of
laminar flow in rough microtube has deviated from that
of theoretical value of pipe flow.

A group of notable experiments used sand-grains and
pipes of different diameter to vary the relative roughness
were investigated by Nikuradse (1933), and experimental
results indicated that pressure drop is independent of the
relative roughness in laminar region. We can see, however,
there exists inconsistent conclusions in this paper. The rea-
son for this is not very clear at present, but it is believed for
the moment that the influence factors in experiments are
more complex than those in the theoretical analysis, by
which the influence of single factor can be presented in
detail.

5. Conclusions

Perturbation method is an effective method to study the
influence of three-dimensional wall roughness on the
microtube flow. In this study, the wall roughness curved
faces are modeled by two-dimensional harmonic functions
and the perturbation equations are derived. A set of
coupled equations composed by the leading-order and
first-order perturbation equations due to the unknown
dimensionless pressure drop are obtained and an iterative
arithmetic is given. Applying the spectral collocation
method, the first-order perturbation equations are solved
numerically. Analytical and computational results show
that wall relative roughness, wavenumber of wall rough
function as well as Reynolds number are important factors
to influence the flow patterns and pressure drop.

If wavenumber of rough function or Reynolds number
decreases, the disturbed areas of flow field are larger. The
variation of disturbed area is independent of the variation
of relative roughness if the relative roughness is a small
quantity. The dimensionless pressure drop increases with
the increase of relative roughness, Reynolds number or
wavenumber of wall function. These results indicate that
the influences of wall roughness on the flow pattern are dif-
ferent from those on the pressure drop. The reason is that
the influences of roughness on flow pattern depend on the
kinetic energy of main flow, whereas the influences of
roughness on the pressure drop depend on the energy dis-
sipation of fluid. A conclusion can be drawn from this
study that the effect of roughness should not be ignored
unless the relative roughness is less than 1%.
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Appendix

All the physical quantities are single-valued, smooth and
bounded at r =0, so we have

lim =0, fim 2

0 @ == e @ = O (Al)

where u is the total velocity, i.e. u=ugy(r)+ euy(x,r,
0) + O(&?). Because the leading-order velocity is only the
function with respect to r, we have 0u/00 = 0u,/00. The
total velocity in (A.1) can be written as follows:

.0
lim — (uje, + vie, + wiep) =0

A2
—0 00 ( )

where e,, €., e are unit vectors in flow, radial and azi-
muthal directions under cylindrical coordinate system,

respectively.
Again, & =0,% =¢), % = —e,, and substituting them

into (A.2), we have

. ou . - - e

lrllr(} 0= ipue, — (o, +wi)e. + (i +ifwi1)ep =0 (A.3a)

. op . .

lrE% 30" ippr =0 (A.3b)
Hence, we have
Py = o +wy = pw +0=pp1 =0 (A4)

There are different implements for different values of f as
follows:

B=0, &(0), pi(0)<oo, #(0)=w(0)=0 (A.5a)
B==x1, @(0)=p(0)=0, (0)£w(0)=0 (A.5b)
1Bl >1, @1 (0)=10:1(0) =wi(0) =pi(0) =0 (A.5¢)

Due to || >1 in this study, the cases of (A.5c) are the
boundary conditions at r = 0.

The equation of the first-order radial velocity is
expanded as Eq. (A.6)

d S
ﬂ = —IO(U()U1

dr
LAy E 2
Re | |r dr \ dr 72 72
(A.6)

Since 9;(1) = wy(1) =0 owing to no-slip conditions, the
boundary condition of p; at r =1 can be determined as
follows:

L a1 pdfdn
"TY 4 TRelrar\dr
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